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Abstract. We characterize using the Bergman kernel Carleson measures of Bergman spaces 
I in strongly pseudoconvex bounded domains in C", generalizing to this setting theorems proved 

by Duren and Weir for the unit ball. We also show that uniformly discrete (with respect to the 
Kobayashi distance) sequences give examples of Carleson measures, and we compute the speed of 
escape to the boundary of uniformly discrete sequences in strongly pseudoconvex domains, general- 
izing results obtained in the unit ball by Jevtic, Massaneda and Thomas, by Duren and Weir, and 
■ by MacCluer. 

0. Introduction 

In his celebrated solution of the corona problem in the disk, Carleson [C] introduced an important class of 
measures to study the structure of the Hardy spaces of the unit disk A C C. Let A be a Banach space of 
holomorphic functions on a domain D C C", and assume that A is contained in U'{D) for some p > 0. A 
finite positive Borel measure on Z) is a Carleson measure of A if there exists a constant C > such that 

td: v/eA / \ffd^l<c\\f\,^. 

Jd 

Carleson studied Carleson measures of the Hardy spaces Hp{A), showing that a finite positive Borel measure 
/Lt is a Carleson measure of HP{A) if and only if there exists a constant C > such that iJ,{Sgg^h) ^ Ch for 
^ ' all sets 

00 : Seo,h = W eA\l~h<r<l, \9 ~ 9o\ < h} 

^ . 

l/^ ■ (see [D]); in particular the set of Carleson measures of HP{A) does not depend on p. 

CO I In 1975, Hastings [H] (see also Oleinik and Pavlov [OP] and Oleinik [O]) proved a similar characterization 

i for the Carleson measures of the Bergman spaces Ap{A): a finite positive Borel measure /i is a Carleson 

' measure of A^'(A) if and only if there exists a constant C > such that fi{Se„,h) < Ch^ for all 9 e [0, 27r] 

. and he (0,1). As a consequence, again, the set of Carleson measures of Ap{A) does not depend on p. 

The sets Sea,h clearly are not invariant under automorphisms of the disk, whereas one would like to 
characterize Carleson measures for Bergman spaces in an invariant way, related to the intrinsic (hyperbolic) 
KJi ' geometry of the disk and not to the extrinsic Euclidean geometry. This has been done in 1983 by Luecking 

. [Lu]; indeed he proved (see also [DS, Theorem 14, p. 62]) that a finite positive Borel measure ^ is a Carleson 

' measure of Ap{A) if and only if for some (and hence all) < r < 1 there is a constant Cr > such that 

n{B/^{zo,r)) < Cri^{BA{zo,r)) for all Zo G A, where i/ is the Lebesgue (area) measure and BA{zo,r) C A 
is the Poincare disk 

' ' Z ~ Zq 



o 



BAiza,r) = izeA 



1 - ZqZ 



< r 



of center zq e A and pseudohyperbolic radius r. 

The first characterization for Carleson measures of the Bergman spaces of the unit ball C C" has been 
given by Cima and Wogen [CW] , using again sets defined in terms of the Euclidean geometry of B" , and thus 
not invariant under automorphisms. Again, as essentially noticed by Luecking [Lu] and explicitely stated by 
Duren and Weir [DW] , it is possible to give a characterization for the Carleson measures of Bergman spaces 
of i?" by using the balls for the Bergman (or Kobayashi, or pseudohyperbolic) distance: a finite positive 
Borel measure /i is a Carleson measure of ^^"(5") if and only if for some (and hence all) < r < 1 there 
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is a constant Cr > such that iJ,(^BB^{zo,r)'j < Cri'(-B_Bn (zo, r)) for all zq G -B", where u is the Lebcsguc 
2n-dimensional measure and -BB^(zo,r) C -B" is the ball for the Bergman distance of center zq € and 
radius i log G (that is, of radius r in the pseudohyperbolic distance; recall that the pseudohyperbolic 
distance p is related to the Bergman or Kobayashi distance fc^" by the formula p = tanh(fcB"))- 

In 1995, Cima and Mercer [CM] characterized Carleson measures of the Bergman spaces of strongly 
pseudoconvex domains; in particular, they proved that in this case too the class of Carleson measures 
of AP{D) does not depend on p. Their characterization is stated again in terms of the extrinsic Euclidean 
geometry of the domain, but the proof uses in an essential way the intrinsic geometry of strongly convex 
domains, as well as the construction of particular ad hoc functions. 

A particularly important Bergman space is. of course, A'^{D), where the Bergman kernel lives. This 
suggests the question of whether it is possible to characterize Carleson measures using the Bergman kernel. 
This has been done by Duren and Weir [DW] for the unit ball; our first main result is the generalization of 
their characterization to strongly pseudoconvex domains. 

Let K: D X D ^ Che the Bergman kernel of a strongly pseudoconvex domain D CC C". For any finite 
positive Borel measure /i on D, the Berezin transform of p, is the function Bp: Z) — > R given by 



K{z,z) 

Then (see Theorem 2.4 for a more complete statement): 



Bp{z) = [ 



■dpiO 



Theorem 0.1: Let p be a finite positive Borel measure on a strongly pseudoconvex bounded domain 
D CCC". Then p is a Carleson measure of Ap{D) if and only if its Berezin transform Bp is bounded. 

Previous proofs of characterizations of Carleson measures in the ball heavily relied on the homogeneity 
of the ball under its automorphisms group, and on the explicit expression of the automorphisms; but this 
approach cannot be used in our setting, because strongly pseudoconvex domains not biholomorphic to the 
ball admit very few automorphisms. Our proof depends instead on a detailed understanding of the intrinsic 
Kobayashi geometry of strongly pseudoconvex domains, and on Fefferman's estimates on the Bergman kernel. 

A natural question is how to construct explicit examples of Carleson measures in strongly pseudoconvex 
domains. As in the unit disk and in the unit ball, an important family of examples is provided by uniformly 
discrete sequences. Let {X, d) be a metric space; a sequence {xj} C X of points in X is uniformly discrete if 
there exists ^ > such that d{xj,Xk) > S for all j ^ k. Then we are able to prove the following generalization 
of results proved by Massaneda [Ma], Jcvtic, Massancda and Thomas [JMT] and Duren and Weir [DW] in 
the imit ball (see Theorem 3.2 for a more complete statement): 

Theorem 0.2: Let D CC C" be a strongly pseudoconvex bounded domain, and let F = {zj} be a sequence 
in D. Then T is a finite union of uniformly discrete (with respect to the Kobayashi distance) sequences if 
and only if J2 d{zj, dD)'^^^5zj is a Carleson measure of A^{D), where is the Dirac measure at zj and 

d{-,dD) is the Euclidean distance from the boundary. 

Finally, Duren, Sc:lmster and Vukotic [DSV], Duren and Weir [DW], and MacClucr [Mc] also studied 
how fast in the unit ball a uniformly discrete (with respect to the pseudohyperbolic or Bergman distances of 
the ball) sequence escapes to the boundary. We are able to generalize their results to strongly pseudoconvex 
domains (see Theorem 3.6, and Proposition 3.4 for a similar result not requiring pseudo convexity): 

Theorem 0.3: Let D C C" be a strongly pseudoconvex bounded domain. Let F — {zj} C D be an 
uniformly discrete (with respect to the Kobayashi distance) sequence with d{zj,dD) < 1 for all j € N*. 
Then 



for all increasing functions h: M"*" — > M"*" such that 



+ 00 

E 

m=l 



h{ — \ < +00 . 
m 



Carleson measures and uniformly discrete sequences in strongly pseudoconvex domains 



3 



1. The intrinsic geometry of strongly convex domains 

In this section we shall prove a number of estimates on the intrinsic geometry of strongly convex domains, 
as described by the Kobayashi distance. In particular, we shall study the boundary behavior of Kobayashi 
balls, and we shall prove a sort of submean property for nonnegative plurisubharmonic functions in Kobayashi 
balls. 

Let us briefly recall the definition and the main properties of the Kobayashi distance; we refer to [A], 
[JP] and [K] for details and much more. Let /ca denote the Poincare distance on the unit disk A C C. If X 
is a complex manifold, the Lempert function (5jc: X x X — > of X is defined by 

Sx{z, w) = inf{/cA(C) v) I there exists a holomorphic A ^ X with = z and ^{r]) = w} 

for all z, w G X . The Kobayashi pseudodistance kx- X x X ^ of X is the smallest pseudodistance on X 
bounded below by 6x ■ We say that X is (Kobayashi) hypcrboUc if kx is a true distance — and in that case 
it is known that the metric topology induced by kx coincides with the manifold topology of X (see, e.g., [A, 
Proposition 2.3.10]). For instance, all bounded domains are hyperbolic (see, e.g., [A, Theorem 2.3.14]). 

The main property of the Kobayashi (pseudo)distance is that it is contracted by holomorphic maps: if 
/: X — i- F is a holomorphic map then 

yz,weX kY{f{z),f{w)) <kx{z,w) . 

In particular, the Kobayashi distance is invariant under biholomorphisms, and decreases under inclusions: if 
Di C D2 CC C" are two bounded domains we have kD^{z,w) < ku-^{z, w) for all z, w G Di. 

It is easy to see that the Kobayashi distance of the unit disk coincides with the Poincare distance. 
Furthermore, the Kobayashi distance of the unit ball C C" coincides with the Bergman distance (see, 
e.g., [A, Corollary 2.3.6]). 

If X is a hyperbolic manifold, zq & X and r G (0, 1) we shall denote by Bx{zo, r) the Kobayashi ball of 
center zq and radius \ log y^^: 

Bx{zo,r) = {z & X \ tavihkxiza, z) < r} . 

Notice that px = tanhfe^ is still a distance on X, because tanh is a strictly convex function on In 
particular, ps" is the pseudohyperbolic distance of B". 

The Kobayashi distance of bounded strongly pseudoconvex domains enjoys several important properties. 
First of all, it is complete (see, e.g., [A, Corollary 2.3.53]), and hence closed Kobayashi balls are compact. 
Furthermore, we can very precisely describe the boundary behavior of the Kobayashi distance: if Z) CC C" 
is a strongly pseudoconvex bounded domain and zq & D, there exist cq, Co > such that 

yzGD co-llogd{z,dD) <kD{zo,z) <Co-llogd{z,dD) , (1.1) 

where d{-, dD) denotes the Euclidean distance from the boundary of D (see [A, Theorems 2.3.51 and 2.3.52]). 

Let us finally recall a couple of facts on Kobayashi balls of B"; for proofs see [A, Section 2.2.2], [Ru, 
Section 2.2.7] and [DW]. The ball BBr>{zo,r) is given by 

BB^{zo,r) = |z e B' 

Geometrically, it is an ellipsoid of (Euclidean) center 

_ 1-r^ 
- l-r2||^o||2^°' 

its intersection with the complex line Czq is an Euclidean disk of radius 



0(1 -n^r) , 1 ,2 



l-r2||^oP 
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and its intersection with the afBne subspace through zq orthogonal to zq is an Euchdean ball of the larger 
radius 



l-r2||^o| 



Let u denote the Lebesgue volume measure of M^", normalized so that u{B"') = 1. Then the volume of 
a Kobayashi ball BB"{zo,r) is given by (see [DW]) 

.(EBn(.o,r))=r^"f /-J^°"' . (1.3) 



A similar estimate holds for the volume of Kobayashi balls in strongly pseudoconvcx bounded domains: 

Lemma 1.1: Let D CC C" be a strongly pseudoconvex bounded domain. Then there exist ci > and, for 
each r G (0, 1), a Ci^r > depending on r such that 

cir2"d(zo,aL>)"+i < u{BD{zo,r)) < C\rd{zo,dD)''+^ 

for every zq € D and r € (0, 1). 

Proof: Since D is bounded and with smooth boundary, there is (5 > so that any euclidcan ball internally 
tangent to dD with radius 6 is completely contained in D. Take zq & D with d{zo,dD) < 6, and choose 
X e dD so that d{zo,dD) = \\x — zo\\. Then the euclidean ball B tangent to dD in x and with radius 6 
is contained in D, contains zq and d(zo,dD) = d{zo,dB). Since the Kobayashi distance decreases under 
inclusions, BB{zo,r) C BD{zo,r). Hence (1.3) yields (assuming without loss of generality that B is centered 
at the origin) 



i^{BD{zo,r)) > i^{BB{zo,r)) ^ S^^'iyiBBAzo/S^r)) 



^ ^2n^2n t ^ - II V'^f Y^" ^ ^2n^2n ( " ll^ol'^ ^ 



l-r2||^oA||V yS-^ - r^zoW^ 



Injln ( ^ Ikoll) V*"^ _ Xn-l„2n^(,^ ^ln^n+l 



> g2n^-Zn ^ <5"- V^"d(zO, dD) 

and we are done in this case. 

Assume now d(zQ,dD) > 5, and let B C D the euclidean ball of center zq and radius d{zo,dD). Then 
Bb{zo, t) is an euclidean ball of radius rd{zQ, dD), and so 

iy{BD{zo,r)) > u{BB{zo,r)) = r^''d{zo,dD)^^ > (5"-V2"d(^o, a£')"+' , 

and we have obtained the lower estimate in this case too. 

For the upper estimate, results of [KM] and [Li] show that there is a (5i > such that if d{zo, dD) < Si 
then there exist ai(r), a2(r) > so that Bd{zq, r) is contained in a (possibly rotated) polydisk P of center zq 
and polyradius {a\{r)d{zQ,dD), a2{r)\/ d{zQ,dD), . . . , a2{r)^d{zQ, dD)) . Thus if d{zo, dD) < Si we have 



iy{BDizo,r)) < u{P) < cai{r)^a2ir)^^''-^^d{zo,dD) 



n+1 



for a suitable constant c > independent of r. 
Finally, if d{zo, dD) > Si we have 



ty{BDizo,r)) <'^d{zo,dD)"+' 



and we are done. □ 
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Remark 1.1: If D is strongly convex, using Euclidean balls externally tangent to D it is possible to 
show that one can take 

Ci,r = <^ir-2"(l-r-2)-("+i) , 

where Ci > is a constant independent of r. 

The next lemma contains an estimate on the Euclidean size of Kobayashi balls. 

Lemma 1.2: Let D CC C" be a strongly pseudoconvex bounded domain. Then there is C2 > such that 
for every zq G D and r e (0, 1) one has 

C 1 
Vz e Bd{zq, r) d{zo, dD) > d{z, dD) > -^d{zo, OD) . 

Proof: Let us fix wo & D. Then (1.1) yields co, Co > such that 

1 + r 

Co - ^logd{z,dD) < kD{wQ,z) < koizQ.z) + ^0(20,^0) < | ^og + Co - ^ logc?(zo, ^-D) , 



for all z G Bd{zo, r), and hence 



„2(co-Co)^(^^^5£,) < _^Mz,dD) . 

1 — r 



The left-hand inequality is obtained in the same way reversing the roles of zq and z. □ 

Remark 1.2: Using again externally tangent Euclidean balls it is possible to show that if D is strongly 

convex then one can take C2 = 4. 

The two previous lemmas (together with the following Corollary 1.7) give the main properties needed in 
Luecking's approach [Lu] to the characterization of Carleson measures. However, to get the characterization 
involving the Bcrczin transform, we shall need precise information on the behaviour of the Bergman kernel 
in Kobayashi balls, that we shall deduce from Fefferman's estimates using another estimate on the shape of 
Kobayashi balls. In the unit ball the latter estimate has the following form: 

Lemma 1.3: Let C C" be the unit ball in C", and taJce zq G and r e (0, 1). Then 

yzeBB'^{zo,r) 1- ll^of > (IN- ^of + 1(^-^0,^0)1) • 



Proof: First of all, it is easy to check that z G BBn{zo, r) if and only if 

> 1 - r^ 



(l-|lzof)(l-|Nf) ^ , , 



therefore it suffices to prove that 

>\i\\'-'or + \{z-zo,zo)\) . (1.4) 

Let us write zq = Xz+w, with A G C and w ± z. Then (z, zq) = X\\z\\^ and ||z-zo|P = |1— ^'^PlklP+H^i'lP; 
moreover |Ap||2;|p + ||w|j^ = ||2;o||^ < 1, that is \\w\\^ < 1 - |A|^||2;||^. Now, a computation shows that 
ll^riA - Ip > is equivalent to 

ii - Aii^f |2 > (1 - ii^f )(ii - Am^f + 1 - lAni^f ) ; 

therefore 

|1 - (Z, Z0)P _ |1 - AllzjlT > |i _ ^|2||^||2 ^ 1 _ |^|2||^||2 > |i _ ^|2||^||2 ^ ||^||2 ^ ||^ _ ^^||2 _ (^^g) 



I- zP 1 
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Write z = fizo + w, with G C and w ± zq. Then (z.zq) = fJ-WzoW^ and \{z — zq,Zo)\ = |1 — /i|||^;o|P; 
moreover |/ip||zo|p + = < 1, implying |/x|||zo|| < 1- Now, 

|1 - (z, Zo)p _ |1 - MPof P ^ |1 - H\\z,r? _ |1 - Mll^of I ll-Mlkofl .... 

1 - ii^p 1 - ImPII^oIP - II^^P - 1 - \n?\\zo\? 1 - iMllkoll 1 + Hll^oll ■ ^ ■ ^ 

By assumption we have 2>|;u|||^;o||(l + ||'2o||)-A computation shows that this is equivalent to 

|l-H||^of|'>(l-|M|||^o||)^ 



therefore 



i-M\z4 - l-M\zo\\ 

Next, 1 + ||-2o|P > 2||2;o|| > 2|/u|||^;o|P > 2||2;o|p Re/x; multiplying this by 1 — H^olP we end up with 

|l-Mlko||'|' > |l-Mnko||^ = 1(^-^0,^0)1' • (1.8) 
Since 1 + |M||ko|| < 2, putting together (1.6), (1.7) and (1.8) we get 

11 - (z, zo)P 1 , , , , 

^^^-^>-|(z-^o,^o)|. (1.9) 

Putting together (1.5) and (1.9) we get (1.4), and thus the assertion. □ 

A defining function for a smooth domain D CC C" is a smooth function ■0:C" —>■ M such that 

D = {ip > 0} and the gradient Vip is never zero on dD. If D is strongly pseudoconvex then we can 
find a defining function strictly plurisubharmonic in a neighbourhood of dD. 

Lemma 1.4: Let D CC C" be a strongly pseudoconvex bounded domain, and f/;: C" — > R a defining function 
for D. Then for every r G (0, 1) tliere exists C2,r- > depending on r such that for every Zq G D one has 

\/z e BD{zo,r) d{zo,dD) > C2,r{\\z - zqW"^ + \dipzo{z - zo)\) . 

Proof: Fix r G (0, 1). Since D is bounded, it suffices to prove the statement for zo close enough to dD. 

By Narasimhan's lemma [Kr, Lemma 3.2.3] we can cover dD with open sets ?7i, . . . , C/; C C" so that for 
each j = 1,. . . ,1 there is a biholomorphism Uj — *■ ^j{Uj) C C" such that ^j{Uj fl D) is strongly convex. 
Furthermore, we can assume that each $j is defined in a slightly larger neighborhood, and hence find c > 
such that d{zo, dD) > cd(^j{zo), d^j{Uj n D)) for all zq C Uj Ci D close enough to dD and all j = 1, . . . ,1. 
For the same reason, and recalling Lemma 1.2, \d^pzo{z — zo)\ and \d{tp o <^J^)^.(^z^-j(^^j{z) — $j(zo))| are 
comparable as soon as zq G Uj Cl D is close enoiigh to dD. Finally, by the localization property of the 
Kobayashi distance (see [A, Theorem 2.3.65]) if zq C Uj D D is close enough to the boundary of D we can 
find ri G (0, 1) depending only on r such that BD{zo,r) C Bu.nD{zo,ri). The upshot of these remarks is 
that it suffices to prove the statement when D is strongly convex. 

So, assume D strongly convex, and let (5 > be such that if d{zo,dD) < 5 then there exists a unique 
X = x{zo) G dD so that d{zo, dD) = \\x — zo\\; again it suffices to prove the statement for d{zo, dD) < 6. 

Take then zq C D with d{zo,dD) < S; since D is strongly convex, there exists an euclidean ball B 
containing D and tangent to f in a; = x{zo); in particular, d{zo,dD) = d{zo,dB). Let R = R{zo) > be 
the radius of S; up to a translation, we can assume that B is centered at the origin. 

Let z G BD{zo,r). Since B£){zo,r) C BB{zo,r), Lemma 1.3 implies 

2Rdizo,dD) >R^- llzof > ^^(Ik - ^oll' + - ^o,^o)|) • 

Now, |(z — zojZq)! is (a uniform multiple of) the distance of z from the complex hyperplane tt passing 
through Zq and parallel to the complex hyperplane tangent to dB at x. But the latter coincides with the 
complex hyperplane tangent to dD at x, which is exactly given by dipx{z — x) —Q. Therefore tt has equation 
dtpx{z — Zq) = 0. It follows that the difference between \{z — Zo,zo)\ and Id-ip^oiz — zo)\ is (uniformly in z 
and Zo) of the order of \\z — -2o||||-2o — = d{zo,dD)\\z — 2;o||; so we get 

{2R + C\\z - z4{l - r''))d{zo,dD) > ^-^{\\z - zof + \d4^,,{z - zo)\) 

for a suitable constant C > 0. Since D is bounded, R too is bounded as a function of Zq, and the assertion 
follows. □ 



Carleson measures and uniformly discrete sequences in strongly pseudoconvex domains 7 

Remark 1.3: If £> is strongly convex the proof shows that we can take C2,r = C2(l — r^) for a suitable 

C2 > independent of r. 

We now prove a covering lemma for D. 

Lemma 1.5: Let D CC C" he a strongly pseudoconvex bounded domain. Then for every r G (0, 1) there 
exist m S N and a sequence {zk} C D of points such that D = UfeLo B{^k,r) and no point of D belongs to 
more than m of the balls B^izk, R), where R= |(1 + r). 

Proof: Let {_Bj}jgN be a sequence of Kobayashi balls of radius r/3 covering D. We can extract a subsequence 
{A;; = Bj}{zk, r/3)}kefi of disjoint balls in the following way: set Ai = Bi. Suppose we have already chosen 
Ai, . . . , A;. We define A;+i as the first ball in the sequence {Bj} which is disjoint from Ai U • • • U A/. In 
particular, by construction every Bj must intersect at least one A^. 

We now claim that {B£){zk,r)}ken is a covering of D. Indeed, let z € D. Since {BjjjgR is a covering 
of D, there is jo € N so that z G Bj^. As remarked above, we get fco € N so that Bj^ D Afc^ ^ 0. Take 
w e Bjg nAko- Then 

Pd {z, Zko ) < Pd{z,w) + pD{w,Zko) < Ir , 

and z e Boizkn^r). 

To conclude the proof we have to show that there is m = vrir G N so that each point z G D belongs to at 
most m of the balls B{zk, R). Put ri = ^ min{r, 1 — r} and i?i = i(5 + r). Since z G Bi){zk, R) is equivalent 
to Zk G Bd{z,R), we have that z G BD{zk,R) implies Boizk^fi) C Bu{z, Ri). Furthermore, Lemmas 1.1 
and 1.2 yields 

'^{BD{zk,ri)) > ctrl^d{zk,dDr+^ > -^(1 - Rr+'rf"d{z,dDr+^ 

when Zk G Bd{z,R). Therefore, since the balls BD{zk,ri) are pairwise disjoint, using again Lemma 1.1 we 
get 

card{fc G N I . G Bn{zk,R)} < 414^ < 2„n \,n^i ' 

v{BDizk,ri)) Cl rf"(l-i?)"+i 

and we are done. □ 

Our last aim for this section is a sort of submean property in Kobayashi balls for nonnegative plurisub- 
harmonic functions. Let us first prove it in an Euclidean ball: 

Lemma 1.6: Let B CC be an Euclidean ball of radius R> 0. Then 



V.0 G B W G (0, 1) x(.o) < ^ ,2.,(,„,,^)„.J ^^^^^_ Xci. 



4"+i 

for all nonnegative plurisubharmonic functions x- B ^ 

Proof: Without loss of generality we can assume that B is centered at the origin. Let (^^o/i?-^" ^ B" 
be the usual involutive automorphism of -B" sending the origin in zq/R (see [Ru, Section 2.2]), and let 
^zo'-B^ B he given by = R^z^/n; in particular, is a biholomorphism with $2^(0) = zq, and thus 
^zo{BBn{0,r)) = BB{zo,r). Furthermore (see [Ru, Theorem 2.2.6]) 

|Jac«^.,(.)| = (^3^) ^ ^ ^(-0, OBT-^ , 
where JacR^^o denotes the (real) Jacobian determinant of ^zo- It follows that 

p r TDTL—l r 

/ Xdy= (xo$,J|JacK$,Jdi.>— — d(zo,ai?)"+i / (xo$,Jdi/. 

JB(zo,r) JBBn{0,r) * J BBn(0,r) 

Using [Ru, 1.4.3 and 1.4.7.(1)] we obtain 

/ {xo^z,)du = 2n j da{x)^ I' r xo^,^{te''x)t^"-'dtde , 

JBBn(0,r) JOB" Jo Jo 
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where a is the area measure on 95" normalized so that (j{dB") = 1. Now, C X ° ^zoiC^) is subharmonic 
on rA = {|^| < r} C C for any x G dB". Therefore [Ho, Theorem 1.6.3] yields 

^ lo C ^ ° de > x{zo) i'""^ dt = ^r^^x{zo) ■ 

So 

/ {xo^,Jdu>r'^x{zo), 

jBBn{0,r) 

and the assertion follows. □ 
Then: 

Corollary 1.7: Let f CC C" be a strongly pseudoconvex bounded domain, and r G (0,1). Then there 
exists a Cs^r > depending on r such that 

C3 r f 
iy[BD{Z0,r)) JBn{zo,r) 

for all non-negative plurisubharmonic functions X'-D ^ M"*". 

Proof : Since D has smooth boundary, there exists a radius p > such that for every x G dD the euclidean 
ball Bx{p) internally tangent to dD at x is contained in D. 

Let zq G D. If d{zo,dD) < p, let x G dD be such that d{zo,dD) = \\zo — x\\; in particular, zq belongs 
to the ball B = B^ip) C D. If d{zo,dD) > p, let B c D be the Euclidean ball of center zq and radius 
d{zo, dD). In both cases we have d{zo, dD) = d{zo,dB); moreover, the decreasing property of the Kobayashi 
distance yields Bd{zo, r) 3 Bb{zo, r) for all r G (0, 1). 

Let X be a non- negative plurisubharmonic function. Then Lemmas 1.6 and 1.1 imply 

/ Xdi^>[ Xdv > ^'"^(^0,91^)"+^ :.{Bn{zo,r))x{zo) 

JBo{zo,r) JBb{zo,t) 4"+^ v[BD{zo,r)) 

p-n-l 

and we are done. □ 

Remark 1.4: If D is strongly convex then one can take Cz^r = Cai^ — r^)~^"+^^, where C3 > is 
independent of r. 

In a similar way we get another useful estimate: 

Corollary 1.8: Let D CC C" be a strongly pseudoconvex bounded domain. Given r G (0, 1), set 
R = 5(1 + r) G (0, 1). Then there exists a Kr > depending on r such that 



\/zo eD\/zG Bd{zo, r) x{z) < , — ^ / Xdv 

u{BD(Z0,r)) JBn(zn.R) 



u{BD{zo,r)) JBn(zo,R) 

for every nonncga tivc plurisubharmonic function %:£)—*■ . 

Proof: Let ri = ^(1 — r); the triangle inequality implies that z G .8^3(^01^) yields B^iz^ri) C Bjj{zq,R). 
Corollary 1.7 then implies 

X(2;) < -7^^"^^^-^ / Xdv < —^^p—- I xdv 

u{BD{z,ri)) JBo(z,ri) v{BD[Z,ri)) JBn{zo,R) 



u{Bn{zo,r)) 1 f 

^'''^ u{BD{z,ri)) v{BD{zQ,r)) JBo{za,R) 
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for all z G B£){zo,r). Now Lemmas 1.2 and 1.1 yield 



■n+l 



u{BD{z,n)) " ci(l-r)"+irf" 
and so 

( \ ^ '-'3,rit-^l,r'^2 ^ / . 



□ 



2. Carleson measures 

Let f CC C" be a strongly pseudoconvex bounded domain in C". Given < p < +oo the Bergman 
space AP{D) of D is the Banach space of holomorphic i^-functions on D, that is Ap{D) = L'p{D) n 0{D), 
endowed with the L^-norm 

'dv 



11^ = / i/wr< 

Jd 



where v is the Lebesgue measure normalized so that i/{B"') = 1. 

A finite positive Borel measure fj, on D is said to be a Carleson measure of Ap{D) if there exists Cp > 
such that 



Jd 



As explained in the introduction, our aim is to give a characterization of Carleson measures involving the 

Bergman kernel of D. 

Let if: D X D ^ C be the Bergman kernel of D (see, e.g., [Kr, Section 1.4]); it has the reproducing 
property 



V/ e A^D) VzeD f{z) = [ K{z, 0/(0 diy . 

Jd 



Since K{-, () = K{(, •) G A'^{D), in particular we have 

Kiz,z)= [ \Kiz,Ofdu{(:) = \\K{z,.)\\l. 
Jd 

For each zq € D let k^o G A^{D) be the normalized Bergman kernel given by 

K(z, zq) _ K{z,zo) 
||if(-,zo)l|2 VK{zo,zo) ' 

clearly, ||A;2o||2 = 1. The Berezin transform Bfi oi a finite measure ^ on D is the function given by 

B,x{z)= [ MOfdfiiO 
Jd 

for all z <E D. 

We recall the following estimate from above on the Bergman kernel: 

Lemma 2.1: Let D CC C" be a strongly pseudoconvex bounded domain. Then there exists C4 > such 
that 

VzoGD \K{zo,zo)\< 



d{zo,dDY+^ ' 

Proof: It follows immediately from [Ho, Theorem 3.5.1] or from [R, p. 186]. □ 
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Our next result is an estimate from below on the Bergman kernel, valid close enough to the boundary. 

Lemma 2.2: Let D CC C" be a strongly pseudoconvex bounded domain. Then for every r G (0, 1) there 
exist Cs^r > and 6r > such that if zq € D satisfies d{zo, dD) < Sr then 

yzGBD{zo,r) \Kiz,zo)\> 



d{zo,dD)"+^ ■ 

Proof: Let V be a defining frmction for D; in particular, there are Ce, cq > such that 

C6 d{z, dD) < \iIj{z)\ < Ce d{z, dD) (2.1) 

in a neighbourhood of D. 

The main Theorem 2 in [F] implies that there is 77 > so that 

\K{z,zo)\ > 

{tp{z) +tp{zo) + p{z,zo)) 

for a suitable constant c > as soon as ^(2:0, dD) + d{z, dD) + \\z — zo\\ < t], where 

p{z,zo) = \\z - zof + Idi^zoiz - Zo)\ . 

Put 

Or = — mm ' ^ 



3 I C2 3 

then Lemmas 1.2 and 1.4 imply that d{zo,dD) < Sr yields d{zo,dD) + d{z,dD) + \\z — zo\\ < rj for 
all z G BD{zo,r). Using Lemmas 1.2 and 1.4 and (2.1) we then get that if d{zo,dD) < Sr then 



\K{z,zo)\ > 



n+l 

C 



> 



c(l-r)"+i / C6 



C^+^d{zQ, dD)^+^ \CQ + CiCe + 1/C2 



for all z G Bnizotr), and we are done. □ 
Remark 2.1: When D is strongly convex we can take c^^r = £5(1 — r^)"+^ with C5 > independent 

of r. 

As a corollary we get a crucial estimate from below for the normalized Bergman kernel: 

Corollary 2.3: Let D CC C" be a strongly pseudoconvex bounded domain. Then for every r G (0, 1) there 
exist cr^r > and Sr > such that if zq € D satisfies d{zo, dD) < Sr then 

Proof: It follows from Lemmas 2.1 and 2.2, with Cj^r = C5 r/^i- '-' 
Remark 2.2: When D is strongly convex we can take cr^r = — r^)^^"+^^ with cy > independent 

of r. 

Now we can finally prove the promised characterization for the Carleson measures of Ap{D): 
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Theorem 2.4: Let fi be a Gnitc positive Borel measure on a strongly pseudoconvex bounded domain 
D CC C". Then the following statements are equivalent: 

(i) n is a Carleson measure of Ap{D) for some (and hence all) p G (0, +oo); 

(ii) the Berezin transform of fi is a bounded function; 

(iii) for every r G (0, 1) there exists Cr > such that ii(^B£){zo, r)) < Cri'{BD{zo, f )) fo^ 9,11 zq £ D; 

(iv) for some r G (0, 1) there exists Cr > such that ij,{Bd{zo, r)) < CrV^Boiza, r)) for all zo G D. 

Proof: (i) =>(ii): By [CM] we can assume that /z is a Carleson measure of A^{D). Then 



Bpizo)= [ \h,{z)\^dii{z)<C\\k,X2 = C 



for a suitable C > 0, and is bounded. 

(ii)=>(iii): Fix r G (0, 1). If d{zt), dD) > 6r, where (5^ > is given by Lemma 2.2, then using Lemma 1.1 
we get 

n{BD{zo,r)) < f^{D) < -J^^^u{Bn{zo,r)) 

as desired. 

Assume now d{zo,dD) < 5r- Since the Berezin transform is bounded, there exists Cg > independent 
of Zo and r such that 

/ %,{z)\^d,i{z)<Bix{z^)<Cs. 

J BD(zo,r) 

Hence Corollary 2.3 yields 

^I^^^^ABdM)<C,. 

Recalling Lemma 1.1 we get 



ti{BD{zo,r)) <^dizo,dDr+' < ^ u{Bn{zo,r)) 

C-j r ClCi 



and we are done in this case too. 

(iii) =4>(iv): obvious. 

(iv) =^>(i): It follows from Lemmas 1.1, 1.2, Corollary 1.7 and [Lu]; for the sake of completeness we give 
here a slightly different proof. Let {zk} be the sequence given by Lemma 1.5. Clearly 



_ \f{z)rd^{z) 

;t=i JBD(zk,r) 



/ \^{z)fdi,{z)<Y^ 

•'D k=l- 

for all / e AP{D). Since |/p is plurisubharmonic and nonnegative, Corollary 1.8 and (v) yields 

/ \f{zwdi,{z) < f d^z) I i/(c)rrfKc) 

iy[Bn(zk,r)} Jbd(zh,R) 

<KrCr[ |/(OrrfKC), 

jBD{zk,R) 

where R= ^(1 + r). Hence 

I, oo ^ 

\f{z)\'>df,{z)<KrCrJ2 \f{CWd,^{C)<KrCrm\\frp, (2.2) 

Jd , JBniz^.R) 



k=l • 



3n(zk,R) 

where m is given by Lemma 1.5, and so is a Carleson measure of Ap{D). □ 
Remark 2.3: Notice that (2.2) says that if /i is a Carleson measure then we can find C > so that 

/ i/(z)rdM^)<cii/ii^ 

Jd 

for all / e A''{D) and all p £ (0, +oo); in other words, the constant C is independent of p. 
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3. Uniformly discrete sequences 

Let {X, d) be a metric space. A sequence F — {xj} C X of points in X is uniformly discrete if there exists 
6 > such that d{xj,Xk) > S for aU j ^ k. In this case inf d{xj,Xk) is the separation constant of F. 

Furthermore, given xq € X , r > and a subset T c X, we shall denote by A''(a;o,r, F) the number of points 
of F contained in the ball of center xq and radius r. 

We can use N{xo,r,T) to detect finite unions of uniformly discrete sequences: 

Lemma 3.1: Let X be a metric space, and F = {xn}neN C X a sequence in X. If there are N > 1 and 
r > such that N{x, r, F) < for all x e X, then F is the union of at most N uniformly discrete sequences. 

Proof: We shall define N disjoint uniformly discrete sequences Fq, . . . ,rjv-i C F so that F = FqU- • -UFtv-i- 

To do so, we start with Fq = • • • = F^r^i = and, arguing by induction on n, we shall put each Xn in a 
specified F^-. As a matter of notation, if Xi € Vj we shall write m{xi) = j, and we shall denote by B{x,r) 
the metric ball of center x and radius r. 

Put xo G Fq. Assume we have already defined m{xi) for i < n, and consider Xn+i- By assumption, 
F n B{xn+i,r) contains at most A^ points, one of which is x„+i. Hence {xo, . . . , Xn} n B{xn+i,r) contains 
at most N — 1 points, and we can define 

m{xn+i) = min{j G {0, . . . , A^ — 1} | i ^ "m-i^j) for all < j < n such that Xj e B(x„+i, r)} . 

In this way (i(x„+i, Xj) > r for all Xj G ^m(xri+i) with j < n + 1. 

It now follows easily that Fq, . . . ,rjv-i are uniformly discrete sequences with separation constant at 
least S = r, because by construction if x/j, Xfc G Tj with h > k we have d{xh, Xfc) > r. □ 

We are now able to prove that uniformly discrete sequences give examples of Carleson measures: 

Theorem 3.2: Let D CC C" be a strongly pscudoconvex bounded domain, considered as a metric space 
with the distance po = tanhfczj. Let F = {zj}j(zn be a sequence in D. Then the following statements are 
equivalent: 

(i) F is a finite union of uniformly discrete sequences; 

(ii) sup A^(zo,r, F) < +oo for some r G (0, 1); 

(ui) sup A^(zo, r, F) < +oo for all r G (0, 1); 

zoeD 

(iv) there exists p G (0, +cx)) such that Yl d{zj,dD)"^^Szj is a Carleson measure of Ap{D), where 5^^ is 

the Dirac measure in zj; 

(v) there exists Cg > such that for all p G (0, +oo) we have 

V/ G AP{D) Yl d{z„dD)-+'\f{z,)\P < ; 

in particular, ^ d{zj,dD)'^~^^6z- is a Carleson measure of Ap{D) for all p G (0, +oo). 

zj£r 

Proof: (v)=>(iv): Obvious. 

(iv)=^>(ni): Fix r G (0, 1), and let 6r > he given by Lemma 2.2. By Lemma 1.2, if d{zo,dD) > Sr 
then z G B£){zo,r) implies d{z,dD) > ^(1 — r)Sr- Using (iv) it is easy to see that only a finite number 
of Zj G F can have d{zj,dD) > ^(1 — r)Sr; therefore to get (iii) it suffice to prove that the supremum is 
finite when d{zo, dD) < Sr- 

Given zq & D with d{zQ, dD) < 6r, Corollary 2.3 and Lemma 1.2 yield 

Vz G Boizo, r) d{z, dD)-+'\kz,{z)\' > tStT (1 " 0"+' ■ 



C^ 



By [CM] we can assume p = 2; hence 



zeBD(zo,r)r\T 



N{z„T,T) < d{z,dDr+^%,{z)\^ < ^ .„+J |fc.oll^ = , ' 

C7,r(l-r)"+^ C7,r(l - C7,r(l - 
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for a suitable C > 0, as desired. 
(iii)=4>(ii): Obvious. 
(ii)=4>(i): Lemma 3.1. 

(i)^=>(v): Clearly it suffices to prove the assertion when F is a single uniformly discrete sequence. Let 
6 > he the separation constant of F, and put r = 6/2. By the triangle inequality, the Kobayashi balls 
B£){zj,r) are pairwise disjoint. Hence 



JD ,.^r-'BD(zi,r) 



Now, is plurisubharmonic and nonnegative; hence Corollary 1.7 and Lemma 1.1 yield 



,.IT3-l^ ».^M ■f/.v .MP ^ ''1 J2.njt^_ ^in^"+l| 



/ \f{z)\^dv > ^u{Bn{.z,,r))\f{z^)Y> > -^r'-d{z^,dDr+^\f{z^)\^ 



for all Zj e F. Setting Cg = ^fe, the assertion follows. □ 

Now we would like to study how fast a uniformly discrete sequence can escape to the boundary. A first 
result in this vein is an immediate corollary of the previous theorem: 

Corollary 3.3: Let T = {zj} C D be a uniformly discrete sequence in a strongly pseudoconvex bounded 
domain D ccC". Then 

J2 d{zj,dDf+'^ < +00 . 

Proof: It suffices to take / = 1 in Theorem 3.2.(v). □ 
The next result gives a worse estimate, but valid in any hyperbolic domain with finite Euclidean volume. 
Proposition 3.4: Let D C be a hyperbolic domain with finite Euclidean volume, endowed with the 



all Zj G F. Then 



distance po = tanhAiD- Let F = {zj} C D be an uniformly discrete sequence with d{zj,dD) < 1 for 

y d{zj,dDf^h(- ^ ^/ \ < +00 



for any increasing function h: M"*" M"*" such that 

+ 00 



< +00 . 



m=l 

Proof : For m € N put 

nm = ^z€D m < log ^^^^ <m+l| = {^e£'| e'^'^+i) < d{z, dD) < e""^} . 

+ 00 

Set Tm = F n rtm', by assumption, F = IJ Fm. Let 5 > be the separation constant of F, and put r = 6/2. 
The Kobayashi balls Bo^Zj^r) centered in points of F are pairwise disjoint; in particular, 

u{Bnizj,r))<u{D). (3.1) 

li z E D then the euclidean ball B of center z and radius d{z,dD) is contained in D. But then Br){z,r) 
contains the Kobayashi ball Bb{z, r) of B centered in z and of radius r, which is an euclidean ball of radius 
rd{z,dD). Thus 

v{Bn{zj,r)) > r^"d{zj,dDf'^ . 
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Let Nm be the cardinality of r^. Then (3.1) yields 

for a suitable constant Cg > independent of m. Therefore 



^ \ f ^ 



\ogd{zj,dD)J V"i 



/ 1 \ 

< Cio + Cg ^ /l ( — j < +0O 
m=l ^ ' 



□ 



Remark 3.1: If _D CC C" is bounded and F = {zj} C -D is an uniformly discrete (with respect to any 
distance inducing the natural topology of D) sequence, then d{zj,dD) < 1 for all but a finite number of 
elements of T. 

To get the sharp estimate valid in strongly pseudoconvex bounded domains, we replace the Euclidean 

measure by the Eiscnman-Kobayashi invariant measure (but see Remark 3.2 below). 

For simplicity, let us recall the definition of the Eisenman-Kobayashi measure in domains of C" only. 
Let C C" be a domain; the Eisenman-Kobayashi density Kd- D — > M"*" is given by 

Kd{zo) = inf{|JacR/(0)|^^ | /: i?" D holomorphic, }{0) ~ zq, dfo invertible} . 

It is not difficult to prove that Kd is upper semicontinuous (see, e.g., [A, Proposition 2.3.37]); then the 
Eisenman-Kobayashi measure of D is just kd = Ko v. When D = B", the Eisenman-Kobayashi measure 
coincides with the Bergman (or hyperbolic) volume (see, e.g., [A, Proposition 2.3.36]). 

The next lemma contains an estimate on the Eisenman-Kobayashi measure of Kobayashi balls. 

Lemma 3.5: Let CC C" be a strongly pseudoconvex bounded domain,. Then there exist < cn, Cn 
such that 



Vzo eDWe (0,1) ciir2"(l -r)"+^ < KD{BD{zo,r)) < 



Cn 



rf(0o,5£>)"(l -r)" 

Proof: The estimates in [M] show that there are two constants Ci2, C12 > such that 



rf(^,a£>)"+i - ^ - d(^,a£>)"+i 

In particular. Lemmas 1.2 and 1.1 yield 



{Bn{zo,r))= [ Kn{z)du>c,, [ ^ dv > ^if^ 'l^'^l ^{Bn{zo, r)) 



> ™r2"(l_^)^ 

For the upper estimate, notice that since dD is and bounded there is an e > such that, setting 

U^ = D\K^ = {z^D\ d{z, dD) < e) , 

then there exists a smooth diffeomorphism ^:Ue [0, e] x dD with *~^({t} x dD) = {z G D \ d{z, dD) = t} 
for all t G (0,e]. 
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Now Lemma 1.2 implies 

Bnizo^r) c{zeD\ d{z, dD) > l{r)} , 

where l{r) = ^(1 — r)d{zQ, dD). Thus, denoting by a the usual (2n — l)-measure on dD, and by A the 
product measure on [0,e] x dD, and using the compactness of Ue, we have 



du 



< Cl3 + Ci4 / 7^1^^ ^ Ci3 +Ci4 / 

J-i!(BD(zo,r)nUc) * JW 



1 1 \ , C'ls 6*2 Ci5 



<Ci3 + (:7i4C7(a£)) — --- < 



?(r)" e"/ ~ Z(r)" rf(2;o, 9£>)"(1 - r)" 

for suitable constants C13, C14, C15 > independent of zq and r. □ 

Remark 3.2: We stated this lemma in terms of the Eisenman-Kobayashi measure just to keep with 
the invariant approach of this paper; but for the purpose of the next theorem any measure providing the 
same estimates would work. For instance, we might use the measure /U = (?D)~("+^)z/. 

We are now able to prove the promised sharp estimate for strongly pseudoconvex domains: 

Theorem 3.6: Let D CC C" be a strongly pseudoconvex bounded domain, endowed with the distance 
Pd = tanh A;£). Let T = {zj} d D be an uniformly discrete sequence with d{zj,dD) < 1 for all zj G F. Then 

V d{zj,dDrh(--—^-—-) < +00 

V log d{zj,dD) J 

for any increasing function h: R"*" K"*" such that 

+00 

m / 

Proof: Fix zo & D, and for m € N set 



y h ( — ) < +00 . 



D^ = ->z&D 



m m + 1 

^ < kD{zo,z) < 

and let Tm = -Dm, HF. Let 5 > be the separation constant of F (with respect to ko), and let r = tanh((5/2). 
Clearly, if Zj G F^ and z G B£){zj,r), then koizo, z) < ^{m, + 1 + 5). Since, as usual, the Kobayashi balls 
BD{zj,r) are pairwise disjoint, using Lemma 3.5 we get 

ciir-'"(l-r-r+^iVm< E kn{Bn{z,,r))<Kn{Bn{zo,B^)) < d^.^^QDyl^ _ ^ 

where Rm = tanh '^+^+^ ■ hence there is Cie > (depending on zq and 6 but not on m) such that 

Nm < Ciee™" . 

Now, the estimates (1.1) on the boundary behavior of the Kobayashi distance yield C17, Cis > such 

that 

d{z,dD) < Cn exp(^—2kD{zo, z)) 
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and 



< 

logd{z,dD) 2kD{zQ,z) - Ci8 



as soon as 2k]j{zo, z) > C'lg. In particular, if Zj e Tm we have 



1 1 



dizj,dD) KCije-"" and - TTT^TT^T^ ^ 



log d{z, dD) m — Cis 
as soon as m > Cis- Then 

.jtr V ^ogd{z„dD)J ^^^^^ ' \ logd{z„dD)J 



m—mo ^ ^ m— U ^ ^ 

where toq is the smallest integer greater than Cig- D 
In particular, taking = e~^/^ we recover Corollary 3.3. 

Remark 3.3: The statement of Theorem 3.6 is sharp. In fact, MacCluer [Mc] has constructed for any 
increasing function /i: —> with limt_,o+ h(t) — and X]m=i ^(-'^Z"^) ~ uniformly discrete 

sequence F = {zj} in such that 

V d(z,,dB'^y'h (~- ^ 

V logd(z„aS«) 
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